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Abstract
Given a Hamiltonian torus action the image of the momentum map is a convex
polytope; this famous convexity theorem of Atiyah, Guillemin and Sternberg still
holds when the action is not required to be Hamiltonian. Our generalization of
the convexity theorem states that, given a symplectic torus action, the momentum
map can be defined on an appropriate covering of the manifold and has as image a
convex polytope along a rational subspace times its orthogonal space. We also prove
stability of this property under small perturbations of the symplectic structure. The
technique developed allows us to extend the result to any compact group action and
also to deduce that any symplectic torus action, with fixed points, on a manifold of
double the dimension of the torus, is Hamiltonian.
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1 Introduction
When a group G acts on a symplectic manifold M it is sometimes possible to define a
map from M to the dual Lie algebra of G; this map is called momentum map. The
momentum map is obtained defining a linear map from the Lie algebra of G to the closed
1-forms of M ; these 1-forms are called (multi-valued) Hamiltonians. In order to define
the momentum map we need the Hamiltonians to be exact 1-forms. If this condition is
verified the action is called Hamiltonian. We refer to [11] for definitions and properties of
the momentum map.
The famous convexity theorem of M.F. Atiyah, V. Guillemin and S. Sternberg states
that the image of the momentum map for a Hamiltonian torus action on a closed manifold
is a convex polytope. Many works followed this result but, until very recently1, they all
dealt with the case of Hamiltonian actions only.
To relax such global request is relevant, as was pointed out by S.P. Novikov [16].
Hamiltonian dynamic can be originated by Hamiltonians that are closed 1-forms in im-
portant physical problems, as happens in presence of Dirac monopoles.
Our working environment consists of a closed connected symplectic manifold, equipped
with a symplectic action of a compact connected Lie group. The main result in this work
describes the structure of the image of the momentum map when the group acting is a
torus. The result of Atiyah, Guillemin and Sternberg is quite unaltered. The difference
from that theorem sits on the fact that the momentum map cannot be described as
a function on the manifold M , because closed 1-forms are not functions on M . It is
although possible to define a map µ˜ from M˜ , a covering of the manifold M , to the dual
Lie algebra of T . The image of µ˜ is a bounded, convex polytope along a rational subspace
of the Lie algebra times the orthogonal space. The technique developed allows us to
deduce an interesting result. If a torus of half the dimension of M acts with fixed points,
then the action is Hamiltonian.
It is very natural, at this point, to consider the work of F. Kirwan and to obtain a
convexity result for any compact connected Lie group. Kirwan [14] proved that the inter-
1I was informed that a result identical to Theorem 3.12 was announced in a short communication by
Y. Benoist [4].
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section of the image of the momentum map with a Weyl chamber in a Cartan subalgebra
is a convex polytope. We can obtain the equivalent result for non Hamiltonian actions.
The last section is devoted to a stability result for Hamiltonian actions. We show that
a small perturbation of the 2-form does not effect the exactness of Hamiltonian 1-forms
arising from a group action. The result is interesting since there is no apparent reason
that would prevent Hamiltonian vector fields to be perturbed into locally Hamiltonian
vector fields.
2 Normalization
As anticipated in the introduction we are given a closed, connected, symplectic manifold
(M2N ,Ω), with an action of a compact, connected Lie group Gn. Everywhere in this
paper the action is assumed to be symplectic.
Recall that any smooth action on a manifold yields an anti-Lie algebra map
g
X•−→ V ect(M),
called infinitesimal action; the vector fields Xξ are called fundamental vector fields. The
symplectic 2-form allows to define a linear map to the de Rham 1-forms
g
τ•−→ A1dR(M).
The action is symplectic exactly when the image of the map τ• is contained in the closed de
Rham 1-forms Z1dR(M). The 1-forms associated to a group action are called Hamiltonians.
The convexity properties of the momentum map are based on two important facts.
The first of them is that, in a neighborhood of any point, the momentum map can be
explicitly written in local coordinates.
This is proven by first, linearizing the action in a neighborhood of a point fixed by
the action, and then changing coordinates so that the symplectic form is put in canonical
form. The approach we adopt is that of Guillemin and Sternberg [12].
Definition 2.1 If p is a point fixed by the action of G then the representation
G→ GL(TpM) ≃ GL(2N,R), g 7→ dpg
is called isotropy representation.
A proof of the three following lemmas can be found in [11] or [12].
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Lemma 2.2 Let (M2N ,Ω) be a symplectic manifold, G a compact connected Lie group
acting on M , p ∈ M a point fixed by the action. There exist an equivariant open neigh-
borhood of p and coordinates on that neighborhood such that the action of G, in these
coordinates, is the isotropy action.
Lemma 2.3 Let M2N be a manifold, G a compact connected Lie group acting on M ,
p ∈ M a point fixed by the action, Ω0 and Ω1 two G-invariant symplectic 2-forms such
that Ω0(p) = Ω1(p). There exist an equivariant local diffeomorphism
(M, p,Ω0) −→ (M, p,Ω1).
In this lemma “equivariant local diffeomorphism” means that there exist an equivariant
neighborhood of p and a diffeomorphism to an equivariant neighborhood of p that fixes p
and respects the action. This diffeomorphism also pulls back the symplectic form Ω1 to
Ω0.
We now apply these results to the n-dimensional torus. The fact that irreducible torus
representations are one dimensional over C allows us to obtain a very special choice of
coordinates in a neighborhood of a point fixed by the action. Locally a torus action is
exactly a family of harmonic oscillators.
Lemma 2.4 Let (M2N ,Ω) be a symplectic manifold, T n an n-dimensional torus acting
on M , p ∈M a point fixed by the action. In a neighborhood of p we can define N complex
valued local coordinates zj = xj + iyj such that:
• the symplectic form, in these local coordinates, has expression
Ω = dx1 ∧ dy1 + · · ·+ dxN ∧ dyN .
• The action of the torus is the linear action associated to the representation
T n −→ Diag ∩ U(N)
(Θ1, ...,Θn) 7→ diag(e
i(α1
1
Θ1+···+αn1Θn), ..., ei(α
1
N
Θ1+···+αnNΘn)),
where αj are real characters of the isotropy representation, and hence belong to 2piZ
n ⊂
Rn. The sign of the characters is determined by the fact that the symplectic form induces
an orientation on the coordinate planes.
• The momentum map, in these local coordinates, has expression
CN
µ
−→ t∗
(z1, ..., zN) 7→ α1
|z1|2
2
+ · · ·+ αN
|zN |2
2
,
where the αj are now thought as real infinitesimal weights of the isotropy representation.
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It is easy to show that the Hamiltonian nature of the action yields abundance of fixed
points. In our setting the action is not Hamiltonian hence we need a local description of
the momentum map in a neighborhood of a generic point p ∈M .
Given a point p ∈ M its stabilizer, denoted by Tp, is a non necessarily connected
subtorus whose dimension we denote by np. For simplicity we define mp = n − np.
Unfortunately, the fact that the action is not necessarily isotropic2 forces us to introduce
an auxiliary integer number rp which satisfies 2rp ≤ mp. This integer turns out to be the
rank of the skew-symmetric matrix of commutation relations for the Hamiltonians.
Lemma 2.5 Let (M2N ,Ω) and T n be as above, let also p be any point in M . In a neigh-
borhood of p we can find complex valued local coordinates w1, ..., wmp−rp and z1, ..., zN−mp+rp
such that:
• the symplectic form, in these local coordinates, has expression
Ω =
∑
dℜzj ∧ dℑzj +
∑
dℜwj ∧ dℑwj.
• The action, for Θ ∈ S1 and for |Φ| small is
(Θ1, ...,Θnp,Φ1, ...,Φmp)(z
1, ..., zN−mp+rp, w1, ..., wmp−rp) =
= (ei(α
1
1
Θ1+···+α
np
1
Θnp)z1, ..., e
i(α1
N−mp
Θ1+···+α
np
N−mp+rp
Θnp )zN−mp+rp,
, w1 + Φ1 + iΦ2, ..., w
rp + Φ2rp−1 + iΦ2rp , w
rp+1 + Φ2rp+1, ..., w
mp−rp + Φmp),
(1)
where αj are real characters of the isotropy representation of Tp in Diag(N−mp+rp,C)∩
U(N−mp + rp). The sign of the characters is determined by the symplectic form.
• The momentum map, in these local coordinates, has expression
CN−mp+rp × Cmp−rp −→ t∗p × (t
∗
p)
⊥,
(z1, ..., zN−mp+rp, w1, ..., wmp−rp) 7→ (α1
|z1|2
2
+ · · ·+ αN−mp+rp
|zN−mp+rp |2
2
,
,ℜw1,ℑw1, ...,ℜwrp,ℑwrp,ℑwrp+1, ...,ℑwmp),
(2)
where the αj are now thought as real infinitesimal weights of the isotropy representation
of Tp in GL(TpM).
In this lemma we used the fact that t has a distinguished subgroup isomorphic to Zn:
all periodic vector fields of integer period. Given a basis in the Lie algebra t there is an
Ad-invariant metric: the Euclidean metric that has the given basis as orthonormal. This
metric allows an identification between the Lie algebra of T and its dual. Under this
2An action is isotropic if the fundamental vector fields span an isotropic subspace of the tangent space.
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identification is understood any non canonical map. In many statements we will use this
observation.
The coordinates of T n we used to write the action are first order coordinates for
a chosen basis of t. The coordinates Φ are not periodic coordinates of T , while the
coordinates Θ are. Formula 1 can be written for a different choice of basis. In this
case the expression of the real infinitesimal weights, and consequently the image of the
momentum map, changes by left multiplication by an element of SL(np,Z)×GL(mp,R).
Proof: Let ϑ1, ..., ϑnp be an integral basis of tp; complete it with integral vectors ϕ1, ..., ϕmp
to a basis of t. In a neighborhood of p the vectors ϕj generatemp independent, commuting,
locally Hamiltonian vector fields Xϕj . The closed forms τϕj define a family of mp func-
tions xj . The commuting relations of such functions originate a constant skew-symmetric
matrix.
By a linear change of coordinates in GL(mp,R) — hence not preserving integrality —
we can replace the vectors ϕj with a new family of vectors whose associated 1-forms have
commuting relations that are represented by the rank 2r skew symmetric matrix
 0 −11 0
0

 .
We still denote ϕj the new vectors and x
j the functions associated to them. The
vector fields Xϕj commute, hence we can find functions y
j, j = 1, ..., 2N such that ∂yj =
Xϕj for j = 1, ..., mp. The 2mp − 2r functions x
1, ..., x2r, x2r+1, ..., xmp , y2r+1, ..., ymp are
independent and, by a simple calculation {yl, xj} = ∇sxj(yl) = Xϕj(y
l) = ∂yjy
l = δlj.
Hence the commuting relations for these functions can be summarized by the matrix

0 −1
1 0
0 −1
1 ∗

 ,
which has blocks of dimension 2r and 2mp − 2r.
The construction we just did gives no informations on what the matrix ∗ could be,
but we can mimic a technique in [1]: consider the manifold V = {xj = 0, yl = 0|j =
1, ..., mp, l = 2r + 1, ..., mp}. V has an induced symplectic structure because its defining
functions have non degenerate Poisson brackets. Define the remaining 2(N − mp + rp)
functions by choosing canonical (complex) coordinates in a neighborhood of p in V ,
z1, ..., zN−mp+rp, and extending them to a neighborhood of V as constant along the flow
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of the symplectic gradient of the functions x1, ..., x2r, x2r+1, ..., xmp , y2r+1, ..., ymp.3
Finally we can replace the functions y2r+1, ..., ymp with functions in involution. Note
in fact that {yj, yk} are functions of x1, ..., xmp only, so we can obtain the new coordinates
replacing the function yl by the function yl + f j(x1, ..., xmp) for appropriate f j. This can
be done in view of the fact that
∑
j,k{y
j, yk}dxj ∧ dxk is a closed 2-form, and hence it
is locally the differential of a 1-form
∑
j f
jdxj; this defines the functions f j(x1, ..., xmp).
Finally define the functions wj = xj + ixrp+j for j = 1, ..., rp and w
l = xrp+l + iyl for
l = 1, ..., mp − rp.
It is easy to verify that Tp acts as the identity on the coordinates w
j. Hence the action
of Tp has isotropy representation that can be reduced to a representation in Diag(N −
mp + rp,C) ∩U(N−mp + rp). 
3 Convexity for torus action
3.1 Local convexity
In the previous section we proved that the momentum map admits an explicit expression
in a neighborhood of a critical point; our goal is to prove global convexity of the image
of the momentum map also when it is not possible to globally define it as a function on
M , because the T -action is not Hamiltonian. In the rest of the work we will often refer
to the local momentum map at p ∈M , with this name we design the momentum map µp
defined in a coordinate chart U ⊂ M , p ∈ U , such that µp(p) = 0. The local momentum
map is well defined; in fact the Hamiltonians are closed 1-forms and a coordinate chart is
simply connected.
We state here an useful fact the proof of which is almost a tautology.
Fact 3.1 The rank of the local momentum map at a point p (rank dpµ) is the dimension
of the orbit through p (dimTp) which is also the codimension of the stabilizer of p in T
(dimT − dimTp).
From formula 2 on page 5 we can easily deduce that the image of the local momentum
map at p maps the neighborhood of p to the vertex at the origin of a convex wedge Wp.
To be more precise let p ∈ M be a critical point for the local momentum map (which is
3{∇xj ,∇yl} ∩ TV = 0. In fact, if a vector aj∇x
j + bl∇y
l is in TV then, by bracketing it against the
function xl, we obtain that bl = 0. Using then {y
l,−}, we prove the vanishing of the coefficients al. The
dimensions add up so that the flows of the symplectic vector fields, ∇yl for l = 2rp + 1, ...,mp − rp and
∇xj for j = 1, ...,mp, fill injectively a tubular neighborhood of V .
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the same as assuming that its stabilizer Tp is a non discrete subgroup) then the image of
the local momentum map at p is the convex wedge
R≥{αj|j = 1, ...N −mp + rp} = {
∑
λjαj|λj ∈ R
≥} ⊂ t∗p
times the vector space (t∗p)
⊥, where αj are the real infinitesimal weights found in Lemma
2.5. The choice of t∗p is non canonical but follows from a choice of an algebraic complement
to tp.
Fig. 1
Definition 3.2 An action is called effective if the only element of the group that fixes all
points of M is the identity.
Proposition 3.3 A torus action with fixed points is effective if and only if, at a fixed
point, the real infinitesimal weights associated to the isotropy representation are generators
of Zn in the dual Lie algebra t∗.
In this statement we are again using an Ad-invariant scalar product to identify cov-
ectors to vectors. To be more precise we choose an integral basis of t that, moreover,
generates Zn ⊂ t. We can hence identify elements of t∗ with elements of t. It is hence
defined a distinguished lattice Zn in t∗.
Proof: From Lemmas 2.4 and 2.5 it is obvious that the αj belong to Z
n. Let αj, for
j = 1, ..., N , be the list of real infinitesimal weights at p.
Assume that the αj are a set of Z-generators of Z
n. An element of Θ ∈ T stabilizes
all points of M if and only if 〈αj,Θ〉 ≡ 0 for all j (≡ means mod2pi) if and only if
〈λjαj ,Θ〉 ≡ 0 for all λ
j ∈ Z, if and only if Θ is an element of 2piZn, if and only if Θ is the
identity of the torus.
For the converse, if we assume that {αj}Z is a strict subgroup of Z
n, by eventually an
SL(n,Z) change of basis we can assume such subgroup is q1Z⊕· · · ⊕ qnZ with at least qn
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not 1. The element of the torus Θ¯ = (0, · · · , 1
qn
) stabilizes all the points of the manifold4
without being 0. This contradicts effectiveness. 
The previous statement, in case of an n-dimensional torus action on a 2n-dimensional
manifold, implies that we can choose a basis of the torus so that the real infinitesimal
weights are the dual basis of an integral basis of t. In this case the image of the local
momentum map, at a fixed point, is the standard tetrahedron, as was observed by T.
Delzant.
Definition 3.4 Let p be a point of M , the rank of p is the codimension of its stabilizer
in the torus, dimT − dim Tp. The exceptionality of p is the finite group
Tp
(Tp)0
.
A point p ∈ M is mapped to the boundary of wedge associated to some (hence any)
local momentum map if and only if:
• p is stabilized by some, non discrete subgroup Tp.
• The αj arising from the isotropy representation are such that R
≥{αj} (the convex wedge
consisting of the positive linear combinations of the real infinitesimal weights αj) is not
the whole Rnp ≃ t∗p.
Observe that, if the dimension of the torus is half of the dimension of the space, or if
the dimension of the critical manifold which p belongs to is 2N − 2n, this second request
is verified.
3.2 Brief digression on Morse-Bott 1-forms
In next subsection we will use a property of closed Morse-Bott 1-forms. The main source
on this subject is [5]. The result we will use is
Theorem 3.5 Let τ be a closed Morse-Bott 1-form, without critical manifolds of index
one, in a closed connected manifold M . If τ has local minimum it has exactly one mini-
mum and it is exact.
Proof: The notion of local maximum and local minimum makes perfect sense for closed
1-forms. A proof of this fact would require a long digression hence we omit it. A partial
result (for rational 1-forms) is used in [18]. A full proof can be found in [10]. 
4We are using a well known a fact about group actions: generic points of M have principal type
(minimal stabilizer) [3]. In case of effective torus action this means that the points stabilized only by the
identity of T form a dense open subset of M ; hence every open set has to contain such points.
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3.3 Half dimensional torus actions
We apply the previous theorem to the Hamiltonians τξ obtained from a torus action.
Since the map τ• is linear there is a distinguished subspace in t which is the preimage of
the exact 1-forms. Its elements are vectors associated to one-valued Hamiltonians. We
denote this subalgebra by te.
The elements of t not in te are associated to closed non exact 1-forms that we call
multi-valued Hamiltonians. The results in [2] and [12] are stated in the case in which all
Hamiltonians are one-valued, this condition is expressed by calling the action Hamiltonian.
The forms τϑ, for ϑ ∈ t, are all closed Morse-Bott 1-forms; their critical manifolds
are symplectic and so even dimensional, the index of τϑ at a critical point is twice the
cardinality of the set {j|〈αj, ϑ〉 < 0} hence is even; it is obvious that the coindex is even
too. All these statements follow from the local expression of the momentum map.
Theorem 3.6 Let M be a 2n-dimensional, closed, connected symplectic manifold, T be
an n-dimensional torus acting on M ; assume also that the action has fixed points. Then
the action is Hamiltonian.
Proof: Let p be a point fixed by the action. The real infinitesimal weights of the isotropy
representation at p, {αj |j = 1, ..., n}, must Z-generate Z
n and are exactly in number of
n. By an SL(n,Z) change of coordinates in t∗ we can assume that αj = e
∗
j , where ej is
an integral basis for t and the ∗ indicates the dual element (e∗i (ej) = δij). So the image
of the local momentum map is the vertex at the origin of the standard tetrahedron.
Choose now any ϑ ∈ t that is in the first octant of t, in other words choose a vector all
whose coefficients with respect to the chosen basis are positive. The form τϑ has a local
minimum at p so, it must be exact.
Fig. 2
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The subset of t associated to exact Hamiltonians is a subvector space and all the first
quadrant is mapped to exact 1-forms. Hence the action is Hamiltonian. 
3.4 Rationality degree
Definition 3.7 A closed 1-form τ defines a map∫
•
τ : H1(M,Z) −→ R, γ 7→
∫
γ
τ.
The rationality degree of τ (rat τ) is the dimension of the Q-vector space that the image
of
∫
•
τ spans.
Having to deal with a subspace of closed 1-forms, and not with a unique 1-form, it is
not obvious how to define the rationality degree.
Proposition 3.8 For almost any choice of ϑ in t the multi-valued Hamiltonian τϑ induces
a map from H1(M,Z) to R that has minimal kernel. Hence, the smallest covering of M
in which all the pulled back Hamiltonians are one-valued is the one in which a generic
Hamiltonian is one-valued.
Before proving the statement we observe that the minimality condition on the kernel
is more than a condition on the rationality degree, in fact
rat τ = rank
(
H1(M,Z)
ker
∫
•
τ
)
.
Proof: Let {ϑi|i = 1, ..., n} be a basis of the Lie algebra t. This basis is associated to
n 1-forms τϑi ; to each of them is associated a finite dimensional Q-vector space Vi =
Q{im
∫
•
τ} ⊂ R. For any n-tuple of real numbers (λi) such that the set {λiVi|i = 1, ..., n}
of Q-subvector spaces of R is in direct sum, the form associated to the vector
∑
λiϑi has
minimal kernel. In other words, given any such n-tuple, for any ϑ in t
ker
∫
•
λiτϑi ⊃ ker
∫
•
τϑ.
Observe that the n-tuples for which the family {λiVi} is not composed of free summands
are a countable subset of a continuum space. 
An interesting fact, which implies an upper bound for the possible codimension of the
subalgebra te is the following
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Proposition 3.9 Assume a torus acts on a closed symplectic manifold so that there are
no one-valued Hamiltonians except the one associated to the origin of t (te = 0). Then a
generic Hamiltonian must be at least n-rational, where n is the dimension of the torus.
Proof: Assume that the generic Hamiltonian has rationality degree r. Then we can
choose a basis {γi|i = 1, ..., b1(M)} of the free part of the first homology group of M so
that ∫
γj
τϑ = 0 ∀j > r, ϑ ∈ t.
This follows from the Theorem of Elementary Divisors and Proposition 3.8.
If the generic Hamiltonian was less than n-rational then the matrix
∫
γi
τϑj would have
less than n non zero lines. Hence there would be a relation of linear dependence among
the lines. Such relation specifies a choice of an exact Hamiltonian, contradicting the
hypothesis. 
It becomes obvious that, if an n dimensional torus acts on a manifold with first Betti
number b1(M) smaller than n, then the subtorus te associated to one-valued Hamiltonians
must be at least n− b1(M) dimensional.
3.5 Global convexity
The following definition was introduced by Atiyah in [2].
Definition 3.10 A function is said to be quasi-periodic if the symplectic flow it generates
determines a finite dimensional torus action.
Proposition 3.11 On a closed symplectic manifold with symplectic torus action te, the
subspace of vectors in t associated to exact Hamiltonians, is a rational subspace.
With this proposition we prove that the Lie subalgebra te exponentiates to a subtorus.
We denote such subtorus with Te.
Proof: The thesis is equivalent to the fact that, if a quasi-periodic function generates a
T n-action, then te = t. The negation of this last statement can be proven to be equivalent
to the following situation: a torus T n, with n > 1, acts on a closed symplectic manifold.
This action is such that te = Rξ for some ξ ∈ t maximally irrational (i.e. the one
parametric subgroup generated by ξ is dense in T ).
Let p be a point that is a maximum for the Hamiltonian τξ; this point must exist given
that the manifold is compact and τξ is exact; it is easy to prove that p is also a fixed point
by the action of T .
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The fact that p is a maximum for τξ implies that the real infinitesimal weights of the
isotropy representation at p, that we denoted by αj, must satisfy the inequalities
〈αj , ξ〉 ≤ 0 ∀j = 1, ..., N.
Some of these inequalities must be equalities, otherwise an argument as in Theorem 3.6
would imply that the action is Hamiltonian. Call J0 the set of indices such that equality
holds.
We plan to show that R≥{αj|j ∈ J0} = ξ
⊥. If not there is a vector η ∈ ξ⊥ (we are
identifying t with t∗) such that 〈αj , η〉 ≤ 0 for all j ∈ J0. So, for ε ∈ R small,
〈αj, ξ + εη〉 < 0 ∀j /∈ J0,
〈αj, ξ + εη〉 ≤ 0 ∀j ∈ J0.
By Proposition 3.5 this implies that the vectors ξ + εη are associated to one-valued
Hamiltonians, contradicting the hypothesis that te = Rξ. We hence deduce that the
space ξ⊥ is rational, and ξ cannot be maximally irrational. 
Theorem 3.12 Let M be a closed symplectic manifold, T an n-dimensional torus acting
on M . There is a regular covering M˜ in which any 1-form τϑ pulls back to an exact form;
from such covering the momentum map can be defined as a function µ˜ : M → t∗. The
image of µ˜ is a convex polytope times a vector space.
To be more precise the set µ˜(M˜) is the convex polytope obtained as follows: take
Te, the maximal, one-valued subtorus of T that acts in a Hamiltonian fashion. Its fixed
manifolds Zj ⊂ M , determine the vertices of a convex, bounded polytope P in t
∗
e that
is the image of the momentum map for the action of Te on M . We will see that the set
µ˜(M˜) is P × (t∗e)
⊥ (for some scalar product).
Proof: In Proposition 3.8 we proved that the smallest covering from which it is possible
to define the momentum map as a function is that in which the pull back of a generic
Hamiltonian is exact. Such covering is regular, with group of deck transformations which
is free Abelian of rank equal to the rationality degree of the generic Hamiltonian.
We denote the elements of the deck transformation of M˜/M by I = (i1, ..., ir) ∈ Z
r,
the projection in M of a point p˜ ∈ M˜ will be denoted by p.
Lemma 3.13 Let p be a point of M . The image of µp,the local momentum map at p,
defines a convex wedge, Wp ⊂ t
∗ (that could well be t∗). For any point p˜ in M˜ above p the
image of the momentum map µ˜ is contained in
µ˜(p˜) +Wp ⊂ t
∗.
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Proof: The convex wedge Wp is defined by some inequalities
〈ϑ,−〉 ≥ 0.
Each of such inequalities yields a local maximum at p for the Hamiltonian τϑ. By Theorem
3.5 the Hamiltonian τϑ is exact and has unique maximum at p. This implies that for any
x˜ in M˜ and for any p˜ above p
〈ϑ, µ˜(x˜)〉 ≡ 〈ϑ, µ˜(Ix˜)〉
≥ 〈ϑ, µ˜(p˜)〉,
and this shows exactly that the image of µ˜ is bounded by the set of affine equations needed
to conclude. 
We can now prove the convexity of im µ˜. Let ψ1 and ψ2 be two points in im µ˜, assume
the interval [ψ1, ψ2] = {(1− t)ψ1 + tψ2|t ∈ [0, 1]} is not contained in the image of µ˜. Let
ϕ∞ be the first point in the segment not in the interior of im µ˜.
We can find a sequence p˜n in M˜ such that µ˜(p˜n) = ϕn ∈ [ψ1, ϕ∞] and ϕn converges to
ϕ∞. The sequence pn admits a subsequence pn′ that converges to a point p∞ in M .
The local momentum map at p∞ maps a neighborhood U of p∞ into a convex wedge
Wp∞ . The points pn belong to U for all n big enough. For every n big enough there is an
unique open set U˜n ⊂ M˜ containing p˜n and a point p˜∞,n above p∞.
The point ϕ∞ must belong to all the convex wedges
µ˜(p˜∞,n) +Wp∞ ,
otherwise it could not be in the closure of the image of µ˜. Hence it is an attained value
ϕinfty = µ˜(q˜). It is easy to be convinced that Wq is a proper wedge of t
∗ and that it
does not contain the semi-line
{ϕ∞ + t(ψ2 − ϕ∞)|t > 0}.
By Lemma 3.13 we conclude that ψ2 cannot belong to the image of µ˜.
Lemma 3.14 If the Hamiltonian map is such that te = 0, then the image of the momen-
tum map µ˜ is surjective.
Proof: Let γ1, ..., γb1 a base for the cycles of the free part of H1(M,Z) and call
vj = (
∫
γj
τϑ1 , ...,
∫
γj
τϑn)
t.
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The vj’s are b1 vectors of R
n.
The hypothesis implies that such vectors are a system of generators of Rn. In fact, if
they were not, then the lines of A = (v1 · · · vb1) would be dependent and so∑
i
λi
∫
γj
τϑi = 0 ∀j.
This expresses a non zero, one-valued Hamiltonian. We can also think of λ as a non zero
vector orthogonal to all the vj; such a vector can be found if and only if the vj’s do not
span Rn.
Since µ˜(M˜) must contain all the Z-subgroup generated by the vectors vj; in fact
µ˜(Ip˜) = µ˜(p˜)+
∑
ij
vj. Hence, by the just proven convexity, the image of µ˜ must be t
∗. 
Since the subalgebra te is rational we can choose a rational algebraic complement tc
so that not only t = te ⊕ tc and t
∗ = t∗e ⊕ t
∗
c , but also T
n = T nee ⊕ T
nc
c .
The projection of the momentum map µ˜ on t∗e factors through a function µe :M → t
∗
e.
The image of µe is a convex polytope as described in [2] and [12]. This means that there
are critical manifolds fixed by the Te action, Zj , and im µe = co{µe(Zj)} = P. This
implies that im µ˜ ⊂ im µe × t
∗
c = P× t
∗
c.
We are left to show that the image of µ˜ is exactly P × t∗c . Let p˜ be a point of M˜ that
projects on p ∈ M , and let I be an element of Zr, the deck transformations of M˜ . The
element µ˜(Ip˜) ∈ t∗e ⊕ t
∗
c has first component that is the same as that of µ˜(p˜), while the
second component is translated by a vector, associated to I, as described in Lemma 3.14.
We can use, again, convexity of the image of µ˜ to show that im µ˜ ⊇ P × t∗c . This
concludes the proof. 
4 Convexity for compact group action
4.1 Preliminaries and notations
In this section we prove a convexity result when the torus is replaced by any compact
connected Lie group. Notions such as regular elements, Cartan subalgebra and Weyl
group are used. Our notations are consistent with the ones in [6].
The most important structure result for compact Lie groups is the following.
Fact 4.1 Let H be a compact connected Lie group. There exists a finite covering of H
which is isomorphic to G×T . G is a semisimple simply connected Lie group, T is a torus
and is also the center up to finite extension.
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Lemma 4.2 Let H be a compact connected Lie group that acts on a symplectic manifold
(M,Ω), let H˜ be a finite covering of H. The momentum maps associated to the two group
action on M have same image.
Proof: The Lie algebras of the two groups are the same and the fundamental vector fields
are the same. 
The action of H˜ is surely not effective, but effectiveness is not going to play any role
in what follows. Let H be a compact connected Lie group that acts on a closed connected
symplectic manifold M . By Proposition 4.1 we know that H ≃ G ×F T , where F is a
discrete subgroup of G×T . Proposition 4.2 states that the image of the momentum map
for the H-action is equivalent to that of the momentum map for the G× T -action. Since
G is semisimple its action is Hamiltonian, while the action of T can be multi-valued.
We need to set some more notations for what follows. In g we can choose a maximal
commutative subalgebra, called Cartan subalgebra and denoted by s; the exponential of s
is a subgroup of G isomorphic to a torus, denoted by S. The normalizer of S in G induces
a linear action (a finite group action) on s, this action is the well known the Weyl group
action; a fundamental domain of such action is called Weyl chamber and is denoted by
s+; with s0 we denote the interior of the Weyl chamber.
We define as ν :M → g∗ the momentum map for the G action on M ; µ˜ : M˜ → g∗× t∗
is the momentum map for the action of G× T on M .
Definition 4.3 The subset of elements of g that belong to a unique Cartan subalgebra
are called regular.
The set of regular elements of the Lie algebra will be denoted by greg. The set g−greg
is a union of submanifolds of codimension at least 3 in g. The set s0 coincides with the
set of regular elements in the Weyl chamber.
In their work [12] Guillemin and Sternberg introduced the idea of “symplectic cross-
section”; the set ν−1(s∗0) = V is not only a submanifold of M but satisfies the following
properties:
• V is an S × T -invariant symplectic submanifold of M .
• Every orbit inMreg intersects V , whereMreg is the open set ofM that ν maps to regular
elements of g.
• The set ν(V ) is dense in ν(M) ∩ s∗+.
The only statement not proven in [12] is the T -invariance of V . This follows from the
fact that every Hamiltonian arising from the action of T Poisson-commutes with every
Hamiltonian arising from the action of G.
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4.2 Convexity in the Weyl chamber
The convexity of im ν ∩ s∗+ was conjectured in [12] and was finally proven in [14]. M˜
contains a submanifold, V˜ , obtained as the full preimage of V under the projection map.
On M˜ is also defined a momentum map µ˜ : M˜ → g∗ × t∗. The restriction of µ˜ to V˜ has
image contained in s∗0 × t
∗.
Lemma 4.4 Let ϑ ∈ t be such that the Hamiltonian τϑ is a closed, non-exact 1-form on
M . Then the form (τϑ)|V cannot have local maximum nor minimum in V .
Proof: Assume the form (τϑ)|V has a local maximum at the point q ∈ V . We claim that
τϑ must then have a local maximum at q. In fact the form τϑ is orthogonal to vectors of
the form Xξ, for any ξ ∈ g (in other words 〈τϑ, Xξ〉 = 0 for any ξ ∈ g); hence the Hessian
of the form τϑ, at the point q, has same signature and same rank as the Hessian of (τϑ)|V
at the same point. 
Proposition 4.5 Let M be a closed symplectic manifold, G × T a compact connected
Lie group acting on M , assume that the torus T acts on M so that all its infinitesimal
vector fields are locally but not globally Hamiltonian; let µ˜ and ν be the maps defined in
Subsection 4.1. The set im µ˜ ∩ (s∗+ × t
∗) is equal to P × t∗, where P = im ν ∩ s∗+ is a
convex polytope contained in the Weyl chamber s∗+.
Proof: In [14] was proven that the set ν(M) ∩ s∗+ = ν(V ) is a convex polytope P , and
that ν(V ) = ν(M) ∩ s∗0. We just have to show that(
µ˜(V˜ )
)
= ν(V )× t∗. (3)
We plan to use the fact that V is an S × T -manifold, and that the momentum map
µ˜, restricted to V˜ , has values in s∗ × t∗.
Assume 3 is false, let ϕ be a point in ν(V )×t∗ and ϑ∗ ∈ t∗ such that the line ϕ+Rϑ∗ is
not all contained in µ˜(V˜ ). The line in question must intersect µ˜(V˜ ), since the projection
on s∗ of µ˜(V˜ ) is ν(V ).
With a line of proof similar to that in Theorem 3.125 there must be a point q˜ ∈ V˜ and
an attained value ϕ + rϑ∗ = µ˜(q˜) that is not in ((ϕ+ Rϑ∗) ∩ µ˜(v˜))◦. Hence there must
be a plane, defined by a linear equation
〈(ξ0, ϑ0),−〉 = 〈(ξ0, ϑ0), µ˜(q˜)〉 ϑ0 ∈ t, ξ0 ∈ s,
5There is a difference here: V is non compact. But M is and the limit process as in Theorem 3.12
converges to a point in V since ν(p˜n) ≡ ϕ for any n.
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that bounds on one side the image of the local momentum map at q. Observe that this
plane must be transverse to the line ϕ + Rϑ∗, i.e. ϑ∗(ϑ0) 6= 0. In particular ϑ0 must be
non zero.
The Hamiltonian associated to (ξ0, ϑ0) has a local maximum at q˜, and hence, by
Lemma 4.4 must be exact in M . This is inconsistent with the hypotheses of the proposi-
tion, given that ϑ0 is not zero.

For simplicity we stated the above result assuming that the 1-forms τϑ are not exact
for any ϑ ∈ t. It is left to the reader to see that this condition can be dropped.
Theorem 4.6 Let M be a closed connected symplectic manifold, G×F T a compact con-
nected Lie group acting on M , µ˜ the momentum map defined from a covering of the
manifold M . There exists a splitting of T in Te × Tc such that im µ˜ ∩ (s
∗
+ × t
∗) = P× t∗c,
with P a convex polytope in s∗+ × t
∗
e.
5 Stability
It is very natural to ask the following question: How does the image of the momentum
map change if the symplectic form is changed into another T -invariant symplectic form?
One would expect some one-valued Hamiltonians to become multi-valued. In other words
there is no reason to believe that, if the Hamiltonian associated to an element ϑ ∈ t for
a given T -invariant symplectic 2-form is exact, then the Hamiltonian associated to the
same ϑ by another T -invariant symplectic 2-form will be exact.
Theorem 5.1 Let (M,Ω) be a compact symplectic manifold, T an n-dimensional torus
acting on M . The subtorus Te, defined as the subgroup whose induced action is Hamilto-
nian, is constant under small equivariant changes of the symplectic 2-form.
The topology in the space of 2-forms is the compact-open topology on the space of
their coefficients.
Proof: Let Ω′ = Ω + ε be a small perturbation of the given form Ω (ε is a small closed
2-form). The theorem states that the 1-form Ω(Xϑ,−) is exact if and only if the 1-form
Ω′(Xϑ,−) is exact.
There is one obvious implication in this statement: non exact Hamiltonians remain
non exact Hamiltonians. If τϑ is not exact then it must be true that
∫
γ
τϑ 6= 0 for some γ
non trivial loop in the fundamental group of the manifold. Any change in the symplectic
18
form changes smoothly the form τϑ, and so changes smoothly the integral that must hence
be non zero for small deformations of Ω (non exactness is an open property).
What is not obvious is local stability of exact Hamiltonians. In Subsection 3.2 we
proved that τϑ is exact if and only if it has a minimum. This is equivalent to the existence
of a stationary point p for τϑ (i.e. τϑ(p) = 0) such that the Hessian matrix of τϑ at p is
positive definite; this is equivalent to the fact that the real infinitesimal weights of the
isotropy representation at p, evaluated at ϑ, give positive numbers or zero.
Only the signs of the weights are dependent on the symplectic structure, and their
dependence is continuous. So, the existence or not existence of stationary points with the
above properties is independent of small equivariant changes of the symplectic 2-form;
hence exactness is. 
The above theorem is stated for the case of torus action. The equivalent statement
when the acting group is a compact connected Lie group is left to the reader. An imme-
diate corollary of the previous theorem is
Corollary 5.2 Let (M,Ω) be a closed symplectic manifold with a Hamiltonian torus ac-
tion. The action is Hamiltonian for any other T -invariant symplectic structure close to
Ω. Also, the same action is Hamiltonian for any other T -invariant symplectic form that
belongs to the same connected component of Ω in the vector space of 2-forms.
The only features in the local expression of the momentum map that are influenced by
the symplectic form are: the local parametrization of the polytope at the vertex and the
verse of the edges coming out of a vertex. Hence, as long as the weights of the isotropy
representation don’t change in sign, the only features of the image that can change under
perturbation of the symplectic form are the length of the edges of the polytope, not the
angles at the vertices.
There are conditions on the possible change in lengths of the edges. It is not true that
any such change would return a convex polytope. In fact arbitrary changes in lengths
would create a local polytope that “shifts”.
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